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In this paper, the application of an efficient, transparent and accurate kinematic-cyclic constitutive model
based on the fuzzy-set concepts and incremental plasticity theory is presented to show its capability in
modeling cyclic mobility of saturated granular soil. The nature and kinematic mechanism of the member-
ship functions in the fuzzy-set constitutive model are illustrated. The model’s capability of modeling soil
dilatancy is investigated. Important features of volume change and pore water pressure build-up related
to soil cyclic mobility are captured. The formulation of the proposed model is relatively simple and it can
be readily implemented in finite element codes. The enhanced fuzzy-set model is capable of simulating
ground motion problems particularly related to cyclic mobility, soil liquefaction, and spreading behavior.
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1. Introduction

Strong ground motion induces a tendency for soil skeleton
volume change, which causes progressive pore water pressure
build-up and significant loss of soil strength. Pressure dependency
and shear induced dilatancy are important characteristics for
accurate prediction of sandy soil behavior under cyclic loading
[4–,9,11,18,20,22,24,25].

Fuzzy-set plasticity theory was first proposed by Klisinski et al.
[14]. In this paper, an enhanced kinematic and cyclic plasticity
model based on the concept of fuzzy-set plasticity was proposed
to simulate realistic sand behavior during unloading and reloading
cycles. The enhanced model is not only able to capture the general
nonlinear behavior of soil, but also essential soil characteristics,
such as confinement dependency, soil skeleton contraction and
dilation, critical state soil mechanics features and pore pressure
build-up. More importantly, the proposed model involves rela-
tively simple and explicit formulations.

Fuzzy-set plasticity borrows the term ‘‘fuzzy-set’’ from proba-
bility theory, but it does not consider related to probability analy-
sis. In fuzzy-set plasticity, it is assumed that there exists an
ultimate yield surface, where the behavior of the material is
entirely plastic [12]. In addition, the material behavior inside the
initial yield surface is purely elastic. The elasto-plastic response be-
tween the initial and the ultimate yield surfaces is characterized by
ll rights reserved.

re@colorado.edu (S. Sture).
a fuzzy set as shown in Fig. 1. The main difference between the for-
mulation of fuzzy-set plasticity theory and that of the classical
plasticity theory is that the elasto-plastic response between the
initial and the ultimate yield surfaces is not characterized in the
conventional sense but by a fuzzy set. Instead of determining the
plastic modulus from the consistency condition, the plastic modu-
lus is defined in terms of the value of a membership function
c(r) 2 (0, 1), such that c = 1 for the purely elastic behavior,
whereas c = 0 when the stress point is on the ultimate yield sur-
face. The scalar c(r) represents the membership degree that the
stress r is close to the set of stresses representing purely elastic
behavior [12–14].

In classical elastoplasticity with a single plastic mechanism, the
volumetric–deviatoric coupling emerges as a consequence of the
assumed plastic potential. On the other hand, the proposed fuz-
zy-set model adopts two independent plastic mechanisms and
gives the tensorial incremental stress–strain relation for all compo-
nents, and deals with deviatoric–volumetric coupling in a consis-
tent manner, and therefore predict pore water pressure in a
rational way.

2. Model formulations

The stress controlled incremental stress–strain formulation is
straightforward and can be readily implemented. The explicit
expression of the stress control stress–strain formulation for the
fuzzy-set model in the p–q space was given in Ref. [2].
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Fig. 1. ‘‘Fuzzy’’ yield surface specified by a given constant value of the membership
function [14].
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Fig. 2. Lode’s angle in deviatoric plane [23].
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where p and q denote confining pressure and deviatoric stress,
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, is the deviatoric plastic

modulus, which is related to the effective confinement; cd 2 [0, 1]
is the deviatoric membership function; H�d is the hardening modu-
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, is the volumetric plastic modulus, in

which cv 2 [0, 1] is the volumetric membership function. The
parameter B is the dilatancy parameter, which determines the soil
dilatancy behavior [2].

The formulation in Cartesian space is preferred in order to
implement the model into a finite element code.
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where the elastic strain can be expressed as,
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and the deviatoric strain increment can be written as,

dep
d ¼ Cp

ddr ¼ 1
Hd

mdnT
ddr ð4Þ

The deviatoric ultimate yield surface can be described as

Fd ¼ gðhÞq� a0 � a1p
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q
, a1 ¼

Mc þ jh�wi; a0 is a material constant, and h is the Lode angle [23]
as illustrated in Fig. 2. The ‘‘elliptical’’ function g(h) determines
the shape of the trace of the ultimate yield surface in any deviatoric
plane.

gðhÞ¼
4ð1�v2Þcos2ðh�p

3Þþð2v�1Þ2

2ð1�v2Þcos h�p
3


 �
þð2v�1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð1�v2Þcos2 h�p

3


 �
þ5v2�4v

q
ð6Þ

The state parameter w is defined as the difference between the cur-
rent void ratio and the critical void ratio, i.e. w = e � ec. For a loose
soil, w > 0; and for a dense soil, w < 0.

Experimental evidence shows that the critical void ratio ec de-
pends on the mean effective stress as follows [17,1].

ec ¼ eref � ck � ln
p

pref

Assuming that ee
v � 0, plastic volumetric strain is related to the void

ratio e as follows.
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For loose soil, e > ec, �w < 0, jh�wi = 0
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For dense soil, e < ec, �w > 0, jh�wi = �w

a1 ¼ Mc � j � w ð10Þ
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3
� j � ð1þ e0Þa1 ð11Þ

Eq. (10) shows that the model is capable of capturing the gradual
softening behavior of dense sands due to homogeneous dilation,
since the slope of the strength envelope decreases with the void
ratio.
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The normal of the deviatoric yield surface can be described as,
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and direction of the strain increment is,

md ¼ Tnd

where the dilatancy matrix can be defined as,
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The Phase Transformation Surface (PTS) is the collection of stress
points at which the volumetric changes of dense or medium sandy
soil transform from contraction to dilation [9,25,26].

The effective stress ratio is defined as
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On PTS, g = gPT, no volumetric change takes place; below PTS,
g < gPT, contraction takes place; and above PTS, g > gPT, dilation
takes place.

In the fuzzy-set model, the volumetric change is controlled by
the model dilatancy parameter ‘‘B’’. An exponential expression
for ‘‘B’’ was proposed as [2].

Loading and reloading:

Below PTS : B ¼ a1jwj exp 1� jgjjgPT j

� �
� 1
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� �
� 1

� �
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Unloading:

B ¼ bjwj exp
jgj
jgF j

� �
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where a1, a2 and b are model parameters, and gF is the effective
stress ratio at material failure.

The volumetric strain increment can be described as,

dep
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vdr ð18Þ

The yield function for the volumetric part can be simplified as a cap
along the confining stress axis,
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Although the stress control formulation is straightforward and
readily implemented at the material level, it has the following
disadvantages:

(1) It causes numerical instability near the peak stress point.
(2) It is unable to capture the post peak behavior of softening

materials.
(3) It is awkward to implement in standard finite element dis-

placement-based schemes.

The strain-control formulation has the advantages of being able
to resolve the above mentioned issues.

dr ¼ Dedee ¼ Deðde� ded � devÞ ð21Þ
ded ¼ _kdmd ð22Þ
dev ¼ _kvmv ð23Þ

where the plastic multiplier _k can be expressed as:

_k ¼ 1
H

_l ¼ 1
H

n � dr

Substituting (22) and (23) into (21), yields

dr ¼ Dedee ¼ Deðde� _kdmd � _kvmvÞ ð24Þ
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Using the consistency condition equations for the deviatoric and
volumetric loading surface, respectively,

dF ¼ @F
@r
� drþ @F

@c
dc ¼ n � dr� _l ¼ 0

where _l ¼ � @F
@c dc, which is used to determine the loading–unload-

ing conditions:

_l > 0; dF ¼ 0 plastic loading;
_l ¼ 0; dF ¼ 0 neutral loading;
_l < 0; dF ¼ 0; elastic loading

8><
>:
we obtain the following,

dFd ¼ nd � ½Deðde� _kdmd � _kvmvÞ� � Hd
_kd ¼ 0

dFv ¼ nv � ½Deðde� _kdmd � _kvmvÞ� � Hv _kv ¼ 0

(
ð26Þ

By rearranging the terms in the above simultaneous Eq. (26), we get
the following matrix form,

Hd þ nd � ðDemdÞ nd � ðDemvÞ
nv � ðDemdÞ Hv þ nv � ðDemvÞ

� � _kd

_kv

( )
¼ nd � ðDedeÞ

nv � ðDedeÞ

� �

ð27Þ

and then the deviatoric and volumetric multipliers can be obtained
by solving (27) for _kd and _kv ,
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_kd¼
½Hvþnv � ðDemvÞ�½nd � ðDedeÞ��½nd � ðDemvÞ�½nv � ðDedeÞ�

½Hdþnd � ðDemdÞ�½Hvþnv � ðDemvÞ��½nd � ðDemvÞ�½nv � ðDemdÞ�

) _kd¼
½Hvþnv � ðDemvÞ�nd�½nd � ðDemvÞ�nv

½Hdþnd � ðDemdÞ�½Hvþnv � ðDemvÞ��½nd � ðDemvÞ�½nv � ðDemdÞ�
� ðDedeÞ
¼Ad � ðDedeÞ

ð28Þ

_kv ¼
½Hdþnd � ðDemdÞ�½nv � ðDedeÞ��½nv � ðDemdÞ�½nd � ðDedeÞ�

½Hdþnd � ðDemdÞ�½Hvþnv � ðDemvÞ��½nd � ðDemvÞ�½nv � ðDemdÞ�

) _kv ¼
½Hdþnd � ðDemvÞ�nv�½nv � ðDemdÞ�nd

½Hdþnd � ðDemdÞ�½Hvþnv � ðDemvÞ��½nd � ðDemvÞ�½nv � ðDemdÞ�
� ðDedeÞ
¼Av � ðDedeÞ

ð29Þ

By substituting (28) and (29) into (24), we obtain

dr ¼ ½De � ðDemdÞðDeAdÞT � ðDemvÞðDeAvÞT �de ¼ Depde ð30Þ

where

Dep ¼ De � ðDemdÞðDeAdÞT � ðDemvÞðDeAvÞT ð31Þ
η,q
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Fig. 4b. Pictorial illustration of kinematic mechanism of deviatoric membership
function cd from Point ‘‘b’’ to Point ‘‘c’’.
2.1. Kinematic mechanism of deviatoric membership function cd

The value of the deviatoric membership function cd is related to
the effective stress ratio g. Consider the ultimate yield function
Fd = g(h)q � a0 � a1p = 0, and for most sands, a0 = 0, and therefore,
the yielding surface can be simplified as

q ¼ a1

gðhÞp ¼ gF p ð32Þ

where gF ¼
a1

gðhÞ is the effective stress ratio at failure. Note that gF is
not a constant, but varies with the state parameter and loading
path.

Let cd0 and cdF be the values of the deviatoric membership func-
tion at g = 0 and g = gF in initial loading, respectively.

Under cyclic loading conditions, we use the memory of the
maximum effective stress ratio. The schematic illustrations of the
kinematic mechanism of the deviatoric membership function are
shown in Figs. 3 and 4a–c (assuming g(h) = 1, cd0 = 1 and cdF = 0).

(1) From ‘‘a’’ to ‘‘b’’, initial loading to the ‘‘+q’’ direction
(2) From ‘‘b’’ to ‘‘c’’, unloading from the ‘‘+q’’ direction and

reloading to the ‘‘�q’’ direction
(3) From ‘‘c’’ to ‘‘d’’, unloading from the ‘‘�q’’ direction and

reloading to the ‘‘+q’’ direction
Fig. 3. Deviatoric stress–strain response curve for two loading cycles.
The values of the deviatoric membership function can be calcu-
lated in terms of the effective stress ratio based on loading
conditions,

Monotonic Loading:

cd ¼ cd0 �
jgj
jgF j
ðcd0 � cdFÞ ð33Þ

Unloading: record the maximum effective stress ratio gmax and the
corresponding value of membership function cdgmax

.
If gi+1 < gi and |gi+1| < |gmax|:

cd ¼ cd0 �
gmax � giþ1

2gmax
ðcd0 � cdgmax

Þ ð34Þ

and update gmin = gi+1

If gi+1 < gi and |gi+1| P |gmax|:

cd ¼ cd0 �
jgiþ1j
jgF j

ðcd0 � cdFÞ ð35Þ

and update gmin = gi+1 and gmax = |gi+1|
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Fig. 4c. Pictorial illustration of kinematic mechanism of deviatoric membership
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Fig. 5. Mean stress–strain response curve for two loading cycles.

vγ

0vγ

a 

b 

ep

1 

p

Fig. 6a. Concept illustration of kinematic mechanism of volumetric membership
function cv from Point ‘‘a’’ to Point ‘‘b’’.

-0.03

-0.02

-0.01

0

0.01

0.02

0.03

0.04

Time (sec)

D
ev

ia
to

ric
 S

tr
ai

n

0 5 10 15

Fig. 8a. Deviatoric strain history.

Y. Bao, S. Sture / Computers and Geotechnics 38 (2011) 375–382 379
Reloading: record the minimum effective stress ratio gmin, the
corresponding value of the membership function cdgmin

, and the
maximum absolute value of |gmax|.

If gi+1 > gi and |gi+1| < |gmax|:

cd ¼ cd0 �
giþ1 � gmin

gmax � gmin
ðcd0 � cdgmin

Þ ð36Þ

If gi+1 P gi and |gi+1| P |gmax|:

cd ¼ cd0 �
jgj
jgF j
ðcd0 � cdFÞ ð37Þ

and update gmax = gi+1
2.2. Kinematic mechanism of volumetric membership function cv

The volumetric membership function cv depends on the mean
effective stress p. The memory of the maximum effective stress



Table 1
Fuzzy-set model parameters.

Fuzzy-set
parameters

Reference bulk modulus K0 (kPa) 13,831

Reference shear modulus G0 (kPa) 5028
Reference mean pressure p0 (kPa) 100
Pressure dependence coefficient np 0.5
Locking mean pressure pe (kPa) 12,657
Deviatoric plastic modulus coefficient Md

(kPa)
387,000

Deviatoric plastic modulus coefficient sd 2.1415
Locking plastic modulus coefficient Ml (kPa) 160,100
Locking plastic modulus coefficient sl 1.6472
Deviatoric failure membership function cdF 0.10
Locking membership at the mean pressure
of ‘‘0’’ cl0

0.25

Critical state
parameters

Initial void ratio e0 0.776

Reference void ratio eref 0.650
Slope of the void ratio critical line ck 0.01
Failure envelop coefficient j 1
Angle of failure line uF (�) 35
Angle of phase transformation line uPT (�) 30

Dilatancy
parameters

Contraction parameter under loading a1 �15

Dilation parameter under loading a2 13
Contraction parameter under unloading b 28

Table 2
Dilatancy parameters.

Dilatancy parameters a1 a2 b

Curve 1 �15 13 28
Curve 2 �7.5 6.5 14
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Fig. 9. Effect of change of dilatancy parameters on pore water pressure buildup.
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Fig. 8c. Pore water pressure–deviatoric strain cyclic response.
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Fig. 8d. Pore water pressure build-up history.
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Fig. 8e. Effective stress path approaching liquefaction.
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Fig. 8b. Deviatoric stress–deviatoric strain cyclic response.
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ratio is adopted to characterize the volumetric membership func-
tion under cyclic loading. The schematic illustrations of the kine-
matic mechanism of the volumetric membership function are
shown in Figs. 5 and 6a–c.
(1) From ‘‘a’’ to ‘‘b’’, initial loading
(2) From ‘‘b’’ to ‘‘c’’, unloading
(3) From ‘‘c’’ to ‘‘d’’, reloading

The volumetric membership function can be calculated in terms
of the mean effective stress based on the following loading
conditions:

Under monotonic loading conditions, the following relationship
holds,

cv ¼ cv0 þ
p
pe
ð1� cv0Þ ð38Þ

Unloading: In this case it is necessary to maintain records of the
maximum mean effective stress pmax and the cvpmax, and then up-
date pmin and the cvpmin
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cv ¼ 1� pmax � p
pmax

ð1� cvp maxÞ ð39Þ

Reloading: Record the minimum mean stress pmin and the corre-
sponding value of the membership function cvpmin.

If p < pmax,

cv ¼ 1� p� pmin

pmax � pmin
ð1� cvp minÞ ð40Þ

If p > pmax,

cv ¼ cv0 þ
p
pe
ð1� cv0Þ and update pmax and the cvp max ð41Þ
3. Model capabilities: modeling cyclic mobility

The model capabilities are focused on deviatoric–volumetric
strain coupling under cyclic loading, particularly under undrained
condition, which is the predominant loading condition leading to
liquefaction. The modeling of volumetric changes are mostly of a
densification type resulting in a pore water pressure increase,
which reduces the soil strength and elastic stiffness moduli. Soil
skeleton volumetric changes depend on the loading history.

3.1. Example 1

Undrained cyclic shear loading, the total mean stress keeps
constant of 100 kPa and the deviatoric stress increases gradually
from 0 to 30 kPa, unloads to 0, and reloads to 30 kPa, and the
amplitude of deviatoric stress keeps constant for 15 cycles. The
loading history is shown in Fig. 7 and the model responses are
shown in Fig. 8a–e. Model parameters are listed in Table 1.

The model responses are consistent with a large number of
undrained laboratory experiments, which have been used to study
the cyclic behavior of sands [3,10,15,16,19,21,26]:

(1) The deviatoric strain history in Fig. 8a shows that the devia-
toric strain amplitude increases with the number of loading
cycles and tends to reach a steady value.

(2) The cyclic deviatoric stress–strain curves, as shown in Fig. 8b
describe a cycle-by-cycle degradation in strength.

(3) Pore water pressure build-up is directly related to the vol-
ume change of soil skeleton. Fig. 8c shows that the volume
change of soil skeleton increases cycle-by-cycle and tends
to approach a steady state value.

(4) The enhanced fuzzy-set model successfully captures the fea-
tures of progressive pore water pressure build-up and cyclic
pore water pressure variations under cyclic shear loading, as
shown in Fig. 8d.

(5) As shown in Fig. 8e, under undrained conditions, the dilat-
ancy induced volume increase leads to an immediate reduc-
tion in pore water pressure and associated increase in
effective confinement. The model response verifies that the
enhanced fuzzy set is capable of modeling soil shear dilat-
ancy accurately.

The modeling capability of dilatancy behavior is governed by
the dilatancy parameters in the enhanced fuzzy-set model. The
following example demonstrates the effect of dilatancy parameter
change on the behavior of pore water pressure build-up.

3.2. Example 2

The values of the dilatancy parameters of the two comparison
curves are listed in Table 2, and other fuzzy-set model parameters
are the same as those listed in Table 1. The pore pressure genera-
tion curves with different dilatancy parameters are illustrated in
Fig. 9.

Pore water pressure build-up history is of great interest to
understand the mechanism of cyclic mobility and soil liquefaction.
The effects of dilatancy parameters on pore water pressure build-
up patterns are investigated using the fuzzy-set model. In Fig. 9,
Curve 1 is the reference response that uses the same model param-
eters as shown in Example 1, and Curve 2 displays the result of
pore pressure generation using the dilatancy parameters decreased
by one half. The model responses verify that the proposed dilat-
ancy parameters in the enhanced fuzzy-set model control the soil
skeleton dilatancy behavior and the pore water pressure build-up
pattern. By comparing Curve 1 with Curve 2, we can conclude that
higher values of dilatancy parameters will result in faster pore
water pressure build-up; higher peak value of pore water pressure
and larger amplitude of cyclic pore water pressure variations.
4. Conclusions

Based on fundamental mechanics principles and fuzzy set elas-
to-plasticity theory, a kinematic and cyclic plasticity model has
been implemented to simulate realistic sand behavior including
dilatancy and cyclic mobility. Explicit stress–strain relationships
for both stress control and strain-control formulations were devel-
oped. For the enhanced fuzzy-set model, the plastic moduli are
determined in terms of the membership functions of fuzzy sets
rather than by the classic plasticity theory. New dilatancy param-
eters were adopted to accurately simulate soil dilatancy under cyc-
lic shear loading. The proposed formulation of the model is
relatively simple and it is readily implemented into a finite ele-
ment code.

The enhanced fuzzy-set model is numerically robust and shows
good performance in modeling soil skeleton dilatancy features
under cyclic loading. From the proposed model formulation and
model responses, it can be concluded that:

(1) The enhanced fuzzy-set model is capable of modeling
hysteresis loops of soils subjected to cyclic loading.

(2) The enhanced fuzzy-set model is capable of simulating soil
strength degradation under cyclic loading.

(3) The model is able to trace the soil skeleton volumetric
changes by introducing the soil dilatancy parameters.

(4) The model can successfully capture the features of cyclic
pore water pressure build-up under undrained conditions,
which helps to understand the mechanism of soil liquefac-
tion during earthquakes.
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